The paper develops the …xed-smoothing asymptotics in a two-step GMM framework. Under this type of asymptotics, the weighting matrix in the second-step GMM criterion function converges weakly to a random matrix and the two-step GMM estimator is asymptotically mixed normal. Nevertheless, the Wald statistic, the GMM criterion function statistic and the LM statistic remain asymptotically pivotal. It is shown that critical values from the …xedsmoothing asymptotic distribution are high order correct under the conventional increasingsmoothing asymptotics. When an orthonormal series covariance estimator is used, the critical values can be approximated very well by the quantiles of a noncentral F distribution. A simulation study shows that the new statistical tests based on the …xed-smoothing critical values are much more accurate in size than the conventional chi-square test.
Introduction
Recent research on heteroskedasticity and autocorrelation robust (HAR) inference has been focusing on developing distributional approximations that are more accurate than the conventional chi-square approximation or the normal approximation. To a great extent and from a broad perspective, this development is line with many other areas of research in econometrics where more accurate distributional approximations are the focus of interest. A common theme for coming up with a new approximation is to embed the …nite sample situation in a di¤erent limiting thought experiment. In the case of HAR inference, the conventional limiting thought experiment assumes that the amount of smoothing increases with the sample size but a slower rate. The new limiting thought experiment assumes that the amount of smoothing is held …xed as the sample size increases. This leads to two types of asymptotics: the conventional increasing-smoothing asymptotics and the more recent …xed-smoothing asymptotics. Sun (2012) coins these two inclusive terms so that they are applicable to di¤erent HAR variance estimators, including both kernel HAR variance estimators and orthonormal series (OS) HAR variance estimators.
There is a large and growing literature on the …xed-smoothing asymptotics. For kernel HAR variance estimators, the …xed-smoothing asymptotics is the so-called the …xed-b asymptotics …rst studied by Kiefer and Vogelsang (2002a , 2002b , KV hereafter) in the econometrics literature. For other studies, see for example Jansson (2004) , Sun, Phillips, Jin (2008) , Sun and Phillips (2009) , Gonçlaves and Vogelsang (2011) in the time series setting, Bester, Conley, Hansen and Vogelsang (2011, BCHV hereafter) and Sun and Kim (2012b) in the spatial setting, and Gonçalves (2011), Kim and Sun (2012) , and Vogelsang (2012) in the panel data setting. For OS HAR variance estimators, the …xed-smoothing asymptotics is the so-called …xed-K asymptotics. For its theoretical development and related simulation evidence, see for example Phillips (2005) , Müller (2007), and Sun (2011 Sun ( , 2013 . The approximation approaches in some other papers can also be regarded as special cases of the …xed-smoothing asymptotics. This includes, among others, Ibragimov and Müller (2010) , Shao (2010) and .
All of the recent developments on the …xed-smoothing asymptotics have been devoted to …rst-step GMM estimation and inference. In this paper, we establish the …xed-smoothing asymptotics in a general two-step GMM framework. For two-step estimation and inference, the HAR variance estimator not only appears in the covariance estimator but also plays the role of the optimal weighting matrix in the second-step GMM criterion function. Under the …xed-smoothing asymptotics, the weighting matrix converges to a random matrix. As a result, the second-step GMM estimator is not asymptotically normal but rather asymptotically mixed normal. On one hand, the asymptotic mixed normality captures the estimation uncertainty of the GMM weighting matrix and is expected to be closer to the …nite sample distribution of the second-step GMM estimator. On the other hand, the lack of asymptotic normality posts a challenge for pivotal inference. It is far from obvious that the Wald statistic is still asymptotically pivotal under the new asymptotics. To confront this challenge, we have to judicially rotate and transform the asymptotic distribution and show that it is equivalent to a distribution that is nuisance parameter free.
The …xed-smoothing asymptotic distribution not only depends on the kernel or basis function and the smoothing parameter, which is the same as in the one-step GMM framework, but also depends on the degree of over-identi…cation, which is di¤erent from existing results. In general, the degree of over-identi…cation or the number of moment conditions remains in the asymptotic distribution only under the so-called many-instruments or many-moments asymptotics. Here the number of moment conditions and hence the degree of over-identi…cation are …nite and …xed. Intuitively, the degree of over-identi…cation remains in the asymptotic distribution because it is indicative of the dimension of the limiting random weighting matrix.
In the case of OS HAR variance estimation, the …xed-smoothing asymptotic distribution is a mixed noncentral F distribution -a noncentral F distribution with a random noncentrality parameter. This is an intriguing result, as a noncentral F distribution is not expected under the null hypothesis. It is reassuring that the random noncentrality parameter becomes degenerate as the amount of smoothing increases. Replacing the random noncentrality parameter by its mean, we show that the mixed noncentral F distribution can be approximated extremely well by a noncentral F distribution. The noncentral F-distribution is implemented in standard programming languages and packages such as the R language, MATLAB, Mathematica and STATA, so critical values are readily available. No computation intensive simulation is needed. This can be regarded as an advantage of using the OS HAR variance estimator.
In the case of kernel HAR variance estimation, the …xed-smoothing asymptotic distribution is a mixed chi-square distribution -a chi-square distribution scaled by an independent and positive random variable. This resembles an F distribution except that the random denominator has a complicated distribution. Nevertheless, we are able to show that critical values from the …xed-smoothing asymptotic distribution are high order correct under the conventional increasingsmoothing asymptotics. This result is established on the basis of two distributional expansions. The …rst expansion is the expansion of the …xed-smoothing asymptotic distribution as the amount of smoothing increases, and the second one is the high order Edgeworth expansion established in Sun and Phillips (2009) . We arrive at the two expansions via completely di¤erent routes, yet at the end some of the terms in the two expansions are exactly the same.
Our framework for establishing the …xed-smoothing asymptotics is general enough to accommodate both the kernel HAR variance estimators and the OS HAR variance estimators. The …xed-smoothing asymptotics is established under weaker conditions than what are typically assumed in the literature. More speci…cally, instead of maintaining a functional CLT assumption, we make use of a regular CLT, which is weaker than an FCLT. Our method of proof is also novel. It applies directly to both smooth and nonsmooth kernel functions. There is no need to give a separate treatment to non-smooth kernels such as the Bartlett kernel. The uni…ed method of proof leads to a uni…ed representation of the …xed-smoothing asymptotic distribution.
The …xed-smoothing asymptotics is established for three commonly used test statistics in the GMM framework: the Wald statistic, the GMM criterion function statistic, and the score type statistic or the LM statistic. As in the conventional increasing-smoothing asymptotic framework, we show that these three test statistics are asymptotically equivalent and converge to the same limiting distribution.
In the Monte Carlo simulations, we examine the accuracy of the …xed-smoothing approximation. We …nd that the tests based on the new …xed-smoothing approximation have much more accurate size than the conventional chi-square tests. This is especially true when the degree of over-identi…cation is large. When the model is over-identi…ed, the …xed-smoothing approximation that accounts for the randomness of the GMM weighting matrix is also more accurate than the …xed-smoothing approximation that ignores the randomness. When the OS HAR variance estimator is used, the convenient noncentral F test has almost identical size properties as the nonstandard test whose critical values have to be simulated.
The rest of the paper is organized as follows. Section 2 describes the estimation and testing problems at hand. Section 3 establishes the …xed-smoothing asymptotics for the covariance estimators and the associated test statistics. Section 4 gives di¤erent representations of the …xedsmoothing asymptotic distribution. In the case of OS HAR variance estimation, a noncentral F distribution is shown to be a very accurate approximation to the nonstandard …xed-smoothing asymptotic distribution. In the case of kernel HAR variance estimation, the …xed-smoothing approximation is shown to provide a high order re…nement over the chi-square approximation. The next section reports simulation evidence on the performance of the new approximation. The last section provides some concluding discussion. Proofs of the main results are given in the Appendix.
A word on notation: we use F p;K p q+1 2 to denote a random variable that follows the noncentral F distribution with degrees of freedom (p; K p q + 1) and noncentrality parameter 2 : We use F p;K p q+1 z; 2 to denote the CDF of the noncentral F distribution.
Two-step GMM Estimation and Testing
We are interested in a d 1 vector of parameters 2 R d : Let v t 2 R dv denote a vector of observations at time t: Let 0 denote the true value and assume that 0 is an interior point of :
The moment conditions Ef (v t ; ) = 0; t = 1; 2; :::; T
hold if and only if = 0 where f ( ) is an m 1 vector of continuously di¤erentiable functions. The process f (v t ; 0 ) may exhibit autocorrelation of unknown forms. We assume that m d and rank E @f (v t ; 0 ) =@ 0 = d: That is, we consider a model that is possibly over-identi…ed with the degree of over-identi…cation q = m d: De…ne
then the GMM estimator of 0 is given bŷ
where W T is a positive de…nite weighting matrix.
To obtain an initial …rst step estimator, we often choose a simple weighting matrix W o that does not depend on model parameters, leading tõ
As an example, we may set W o = I m in the general GMM setting. In the IV regression, we may set W o = Z 0 Z=T where Z is the data matrix for the instruments. We assume that
a matrix that is positive de…nite almost surely. According to Hansen (1982) , the optimal weighting matrix W T is the asymptotic variance matrix of p T g T ( 0 ) : On the basis of the …rst step estimate~ T ; we can useũ t := f (v t ;~ T ) to estimate the asymptotic variance matrix. Many nonparametric estimators of the variance matrix are available in the literature. In this paper, we consider a class of quadratic variance estimators, which includes the conventional kernel variance estimators of Andrews (1991), Newey and West (1987), Politis (2011), sharp and steep kernel variance estimators of Phillips, Jin (2006, 2007) , and the orthonormal series (OS) variance estimators of Phillips (2005) , Müller (2007), and Sun (2011 Sun ( , 2013 as special cases. Following Phillips, Jin (2006, 2007) , we refer to the conventional kernel estimators as contracted kernel estimators and the sharp and steep kernel estimators as exponentiated kernel estimators.
The quadratic HAR variance estimator is given bỹ
where Q h (r; s) is a weighting function that depends on the smoothing parameter h: For conventional kernel estimators, Q h (r; s) = k ((r s) =b) and we take h = 1=b: For the sharp kernel estimator, Q h (r; s) = (1 jr sj) 1 fjr sj < 1g and we take h = : For steep quadratic kernel estimators, Q h (r; s) = k (r s) and we take h = p : For the OS estimators Q h (r; s) = K 1 P K j=1 j (r) j (s) and we take h = K; where j (r) are orthonormal basis functions on L 2 [0; 1] satisfying R 1 0 j (r) dr = 0: A prewhitened version of the above estimators can also be used. See, for example, Andrews and Monahan (1992) and Xiao and Linton (2002) .
For our theoretical development below, we use an asymptotically equivalent estimator W T (~ T ) de…ned by
where
for any : For OS HAR variance estimators, centering is not necessary as Q h (r; s) = Q h (r; s) : With the variance estimator W T (~ T ); the two-step GMM estimator is:
Suppose we want to test the linear null hypothesis H 0 : R 0 = r against H 0 : R 0 6 = r where R is a p d matrix with full row rank. Nonlinear restrictions can be converted to linear ones by the delta method. We consider three types of test statistics. The …rst type is the conventional Wald statistic. The normalized Wald statistic is
where G T ( ) = @g T ( ) @ 0 :
When p = 1 and for one-sided alternative hypotheses, we can construct the t statistic t
The second type of test statistic is based on the likelihood ratio principle. Let^ T;R be the restricted second-step GMM estimator:
The likelihood ratio principle suggests the GMM distance statistic (or GMM criterion function statistic) given by
Typically, we take T to be~ T ; the unrestricted …rst-step estimator. To ensure that D T 0; we use the same W 1 T ( T ) in computing the restricted and unrestricted GMM criterion functions.
The third type of test statistic is the GMM counterpart of the score statistic or Lagrange Multiplier (LM) statistic. It is based on the score or gradient of the GMM criterion function, i.e.
The test statistic is given by
where as before T is a p T -consistent estimator of 0 : Under the usual asymptotics where h ! 1 but at a slower rate than the sample size T; all three statistics W T ; D T and S T are asymptotically distributed as 2 p =p, and the t-statistic t T is asymptotically normal under the null. The question is, what are the limiting distributions of W T ; D T ; S T and t T when h is held …xed as T ! 1? The rationale of considering this type of thought experiment is that it may deliver asymptotic approximations that are more accurate than the chi-square or normal approximation in …nite samples.
When h is …xed, that is, b; or K is …xed, the variance matrix estimator involves a …xed amount of smoothing in that it is approximately equal to an average of a …xed number of quantities from a frequency domain perspective. The …xed-b, …xed-or …xed-K asymptotics may be collectively referred to as the …xed-smoothing asymptotics. Correspondingly, the conventional asymptotics under which h ! 1, T ! 1 jointly is referred to as the increasing-smoothing asymptotics. In view of the de…nition of h for each HAR variance estimator, the magnitude of h indicates the amount or level of smoothing in each case.
3 The Fixed-smoothing Asymptotics
Fixed-smoothing asymptotics for the variance estimator
To establish the …xed-smoothing asymptotics, we maintain Assumption 1 on the kernel function and basis functions.
Assumption 1 (i) For kernel HAR variance estimators, the kernel function k ( ) satis…es the following condition: for any b 2 (0; 1] and 1, k b (x) and k (x) are symmetric, continuous, piecewise monotonic, and piecewise continuously di¤ erentiable on [ 1; 1]. (ii) For the OS HAR variance estimator, the basis functions j ( ) are piecewise monotonic, continuously di¤ erentiable and orthonormal in L 2 [0; 1] and R 1 0 j (x) dx = 0:
Assumption 1 on the kernel function is very mild. It includes many commonly used kernel functions such as the Bartlett kernel, Parzen kernel, QS kernel, Daniel kernel and Tukey-Hanning kernel. Under Assumption 1, we can use the Fourier series expansion to show that Q h (r; s) has the following uni…ed representation for all the HAR variance estimators we consider:
where f j (r)g is a sequence of continuously di¤erentiable functions satisfying R 1 0 j (r) dr = 0. The right hand side of (4) converges absolutely and uniformly over (r; s) 2 [0; 1] [0; 1]: For positive semi-de…nite kernels k ( ), the above representation also follows from Mercer's theorem, in which case j is the eigenvalue and j (r) is the corresponding orthonormal eigen function for the Fredholm operator with kernel Q h (r; s) : Alternatively, the representation can be regarded as a spectral decomposition of this Fredholm operator, which can be shown to be compact. This representation enables us to give a uni…ed proof for the contracted kernel HAR estimator, the exponentiated kernel HAR estimator and the OS HAR estimator. For kernel HAR estimation, there is no need to single out non-smooth kernels such as the Bartlett kernel and treat them di¤erently as in KV (2005) .
De…ne
for t 1 and G 0 ( ) = 0:
Let u t = f (v t ; 0 ) and 0 (t) = 1; e t s iidN (0; I m ): We make the following four assumptions on the GMM estimators and the data generating process.
Assumption 4 For any
Assumption 5 (i) T 1=2 P T t=1 j (t=T ) u t converges weakly to a continuous distribution, jointly over j = 0; 1; :::; J for every …xed J:
(ii) The following holds: 
where B m (r) is a standard Brownian motion, then Assumption 5 holds. So Assumption 5 is weaker than the above FCLT, which is typically assumed in the literature on the …xed-smoothing asymptotics.
A great advantage of maintaining only the CLT assumption is that our results can be easily generalized to the case of higher dimensional dependence, such as spatial dependence and spatial-temporal dependence. In fact, Sun and Kim (2012b) have established the …xed-smoothing asymptotics in the spatial setting using only the CLT assumption. They avoid the more restrictive FCLT assumption maintained in BCHV (2011). With some minor notational change and a small change in Assumption 4 as in Sun and Kim (2012b) , our results remain valid in the spatial setting.
Assumption 5 only assumes that the approximation error is o(1); which is enough for our …rst order …xed-smoothing asymptotics. However, it is useful to discuss the composition of the approximation error. Let J (t) = ( 0 (t) ; 1 (t) ; :::; J (t)) 0 and a J 2 R J+1 be a vector of the same dimension. It follows from Lemma 1 in Taniguchi and Puri (1996) that under some additional conditions:
for some function c(x). In the above Edgeworth expansion, the approximation error of order c(x)= p T captures the skewness of u t . When u t is Gaussian or has a symmetric distribution, this term disappears. Part of the approximation error of order O(1=T ) comes from the stochastic dependence of u t : If we replace the iid Gaussian process f e t g by a dependent Gaussian process u N t that has the same covariance structure as fu t g, then we can remove this part of the approximation error.
To present Assumption 5 more compactly, we introduce the notion of asymptotic equivalence in distribution. Consider two stochastically bounded sequences of random vectors T 2 R p and T 2 R p , we say that they are asymptotically equivalent in distribution and write T a s T if and only if Ef ( T ) = Ef ( T ) + o (1) as T ! 1 for all bounded and continuous functions f ( ) on R p : According to Lemma 3 in the appendix, Assumption 5 is equivalent to
jointly over j = 0; 1; :::; J. Let
Using the uniform series representation in (4), we can write
which is an in…nite weighted sum of outer-products. To establish the …xed-smoothing asymptotic distribution of W T ( ) under Assumption 5, we split W T ( ) into a …nite sum part and the remainder part: W T ( ) = P J j=1 j j ( ) + P 1 j=J+1 j j ( ). For each …xed J; we can use Assumptions 2-5 to obtain the asymptotically equivalent distribution for the …rst term. However, for the second term to vanish, we require J ! 1: To close the gap in our argument, we use Lemma 1 below, which is similar to Lemma 2 in Kim and Sun (2012b) . The lemma puts our proof on a rigorous footing and may be of independent interest. (iii) the CDF of T is equicontinuous on R when T is su¢ ciently large, and (iv) T;J p ! 0 uniformly in T as J ! 1: Then
Lemma 1 allows us to approximate the distribution of ! T by that of T : Using this lemma, we can prove the lemma below.
Lemma 2 Let Assumptions 1-5 hold, then for any p T -consistent estimator T and for a …xed h,
Lemmas 2(a) and (b) show that the estimation uncertainty in T does not matter asymptotically. It is well known that this type of result holds under the conventional increasing-smoothing asymptotics. The same result holds under the …xed-smoothing asymptotics as long as the weighting function has been centered. Lemma 2(c) gives a uni…ed representation of the limiting distribution. The presentation applies to smooth kernels as well as nonsmooth kernels such as the Bartlett kernel.
Although we do not make the FCLT assumption, the limiting distribution of W T ( T ) can still be represented by a functional of Brownian motion as in Lemma 2(c). This representation serves two purposes. First, it gives an explicit representation of the limiting distribution. It is standard practice to obtain the limiting distribution in order to conduct asymptotically valid inference. However, this is not necessary, as we can simply use the asymptotically equivalent distribution in Lemma 2(b). Second, the representation in Lemma 2(c) enables us to compare the results we obtain here with existing results. It is reassuring that the limiting distribution W 1 is the same as that obtained by Kiefer and Vogelsang (2005) , Phillips, Jin (2006, 2007) , and Sun and Kim (2012a), among others.
Fixed-smoothing asymptotics for the test statistics
We now establish the asymptotic distributions of W T ; D T ; S T and t T when h is …xed. For kernel covariance estimators, we focus on the case that k ( ) is positive de…nite, as otherwise the twostep estimator may not even be consistent. In this case, we can show that, for all the covariance estimators we consider, W 1 is nonsingular with probability one. Hence, using Lemma 2 and Lemma 4 in the appendix, we have W T (~ T ) 1 a s W 1 eT : Using this result and Assumptions 1-5, we have
: So^ T is not asymptotically normal but rather asymptotically mixed normal. More speci…cally, W 1 1 is independent of B m (1); so conditional on W 1 1 ; the limiting distribution is normal with the conditional variance depending on W 1 1 : Due to the asymptotic mixed-normality, it is not straightforward to derive the …xed-smoothing asymptotics of the test statistics W T ; D T ; S T and t T .
Using (5) and Lemma 4 in the appendix,
and
To show that F eT and F 1 are pivotal, we let e t := (e 0 t;p ; e 0 t;d p ; e 0 t;q ) 0 . The subscripts p, d p; and q on e indicate not only the dimensions of the random vectors and but also distinguish them so that, for example, e t;p is di¤erent and independent from e t;q for all values of p and q: Denote
where B p (r); B d p (r) and B q (r) are independent standard Brownian motion processes of dimensions p, d p; and q; respectively. Denote
Then with ingenious use of some theory of multivariate statistics, we obtain the following theorem.
Theorem 1 Let Assumptions 1-5 hold. Assume that k ( ) used in the kernel HAR variance estimation is positive de…nite. Then, for a …xed h;
Remark 1 Theorem 1 shows that both the asymptotically equivalent distribution F T and the limiting distribution F 1 are pivotal. In particular, they do not depend on the long run variance : Both F T and F 1 are nonstandard but can be simulated. It is easier to simulate F T ; as it involves only T iid standard normal vectors. Jin (2006,2007) for exponentiated kernel HAR variance estimators, and Sun (2013) for OS HAR variance estimators. Comparing the limit B p (1) 0 C 1 pp B p (1) =p with F 1 given in Theorem 1, we can see that F 1 contains additional adjustment terms.
Remark 3 When the model is exactly identi…ed, we have q = 0. In this case,
This limit is the same as that in the one-step GMM framework. This is not surprising, as when the model is exactly identi…ed, the GMM weighting matrix becomes irrelevant and the two-step estimator is numerically identical to the one-step estimator.
Remark 4 It is interesting to see that the limiting distribution F 1 (and the asymptotically equivalent distribution) depends on the degree of over-identi…cation. Typically such a dependence shows up only when the number of moment conditions is assumed to grow with the sample size. Here the number of moment conditions is …xed. It remains in the limiting distribution because it contains information on the dimension of the random limiting matrixW 1 :
Theorem 2 Let Assumptions 1-5 hold. Then, for a …xed h;
It follows from Theorem 2 that all three statistics are asymptotically equivalent in distribution to the same distribution F T de…ned in Theorem 1(a). They also have the same limiting distribution F 1 : So the asymptotic equivalence of the three statistics under the increasing-smoothing asymptotics remains valid under the …xed-smoothing asymptotics.
Careful inspection of the proofs of Theorems 1 and 2 shows that the two theorems hold regardless of which p T -consistent estimator of 0 we use in estimating W T ( 0 ) and G T ( 0 ) in D T and S T : However, it may make a di¤erence to high orders. We leave this for future research.
Representation and Approximation of the Fixed-smoothing Asymptotic Distribution
In this section, we establish di¤erent representations of the …xed-smoothing limiting distribution. These representations highlight the connection and di¤erence between the nonstandard approximation and the standard 2 or normal approximation.
The case of series HAR variance estimation
To obtain a new representation of F 1 ; we consider the matrix
s iidN (0; I p+q ) and the above matrix follows a standard Wishart distribution W p+q (K; I p+q ) : A well known property of a Wishart random matrix is that
, and that F 1 is equal in distribution to a quadratic form with an independent Wishart matrix as the (inverse) weighting matrix.
This brings F 1 close to Hotelling's T 2 distribution, which is the same as a standard F distribution after some multiplicative adjustment. The only di¤erence is that
The following theorem presents this result formally.
Theorem 3 For series HAR variance estimation, we have (a)
Remark 5 According to part (a),
It is easy to see that
where each C m n is an m n matrix (vector) with iid standard normal elements and C p 1 ; C p K ; C q K and C q 1 are mutually independent. This provides a simple way to simulate F 1 :
Remark 6 Parts (a) and (b) of Theorem 3 are intriguing in that the limiting distribution under the null is approximated by a noncentral F distribution, although the noncentrality parameter goes to zero as K ! 1.
Remark 7 When q = 0; that is, when the model is just identi…ed, we have 2 = 2 = 0 and so
This result is the same as that obtained by Sun (2013) . So an advantage of using orthonormal series HAR variance estimator is that the …xed-smoothing asymptotics is exactly a standard F distribution for just identi…ed models.
Remark 8
The asymptotics obtained under the speci…cation that K is …xed and then letting K ! 1 is a sequential asymptotics. As K ! 1; we may show that
To the …rst order, the …xed-smoothing asymptotic distribution reduces to the distribution of 2 p =p. As a result, if …rst order asymptotics are used in both steps in the sequential asymptotic theory, then the sequential asymptotic distribution is the same as the conventional joint asymptotic distribution. However, Theorem 3 is not based on the …rst order asymptotics but rather a high order asymptotics. The high order sequential asymptotics can be regarded as a convenient way to obtain an asymptotic approximation that better re ‡ects the …nite sample distribution of the test statistic D T ; S T or W T : Remark 9 Instead of approximations via asymptotic expansions, all three types of approximations are distributional approximations. More speci…cally, the …nite sample distributions of D T ; S T ; and W T are approximated by the distributions of
respectively under the conventional joint asymptotics, the …xed-smoothing asymptotics, and the higher order sequential asymptotics. An advantage of using distributional approximations is that they hold uniformly over their supports (by Pólya's Lemma).
Remark 10 Theorem 3(c) gives a …rst order distributional expansion of F 1 : It is clear that the di¤ erence between pF 1 and 2 p depends on K; p and q:
For a typical critical value 1
at least when K is large. So the critical value from F 1 is expected to be larger than 1 p =p: For given p and large K; the di¤ erence between P (F 1 1 p =p) and increases with q; the degree of over-identi…cation. A practical implication of Theorem 3(c) is that when the degree of over-identi…cation is large, using the chi-square critical value rather than the critical value from F 1 may lead to the …nding of a statistically signi…cant relationship that does not actually exist. 
NCF, q = 0 NCF, q = 1 NCF, q = 2 NCF, q = 3 Figure 1 : 95% quantitle of the nonstandard distribution and its noncentral F approximation Figure 1 reports 95% critical values from the two approximations: the noncentral (scaled) F p;K p q+1 ; 2 approximation and the nonstandard F 1 approximation, for di¤erent combinations of p and q. The nonstandard F 1 distribution is simulated according to the representation in Remark 5 and the nonstandard critical values are based on 10000 simulation replications. Since the noncentral F distribution appears naturally in power analysis, it has been implemented in standard statistical and programming packages. So critical values from the noncentral F distribution can be obtained easily. Let N CF 1 := F 1 p;K p q+1 2 be the (1 ) quantile of the noncentral F p;K p q+1 ; 2 distribution, then N CF 1 corresponds to F 1 1 ; the (1 ) quantile of the nonstandard F 1 distribution. Figure 1 graphs N CF 1 and F 1 1 against different K values. The …gure exhibits several patterns, all of which are consistent with Theorem 3(c). First, the noncentral F critical values are remarkably close to the nonstandard critical values. So approximating 2 by its mean 2 does not incur much approximation error. Second, the noncentral F and nonstandard critical values increase with the degree of over-identi…cation q. The increase is more signi…cant when K is smaller. This is expected as both the noncentrality parameter 2 and the multiplicative factor increase with q: In addition, as q increases, the denominators in the noncentral F and nonstandard distributions become more random. All these e¤ects shift the probability mass to the right as q increases. Third, for any given p and q combination, the noncentral F and nonstandard critical values decrease monotonically as K increases and approach the corresponding critical values from the chi-square distribution.
In parallel with Theorem 3, we can represent and approximate t 1 as follows:
For series HAR variance estimation, we have
where (z) and (z) are the CDF and pdf of the standard normal distribution.
Theorem 4(a) is similar to Theorem 3(a). With a scale adjustment, the …xed-smoothing asymptotic distribution of the t statistic is a mixed noncentral t distribution. The random noncentrality parameter can be simulated according to
where each matrix C m n is an m n matrix (vector) with iid standard normal elements and C 1 K ; C q K and C q 1 are mutually independent. So the …xed-smoothing asymptotic distribution t 1 can be simulated easily.
According to Theorem 4(b), we can approximate the quantile of t 1 by that of a noncentral F distribution. More speci…cally, let t 1 1 be the (1 ) quantile of t 1 ; then
is the (1 2 ) quantile of the noncentral F distribution. As in the case of quantile approximation for F 1 ; the above approximation is remarkably accurate. Figure 2 , which is similar to Figure 1 , illustrates this. The …gure graphs t 1 1 and its approximation against the values of K for di¤erent degrees of over-identi…cation and for = 0:05 and 0:95: As K increases, the quantiles approach the normal quantiles 1:645. However when K is small or q is large, there is a signi…cant di¤erence between the normal quantiles and the corresponding quantiles from t 1 : This is consistent with Theorem 4(c). For a given small K, the absolute di¤erence increases with the degree of over-identi…cation q. For a given q; the absolute di¤erence decreases with K: Figure 2 and Theorem 4(c) suggest that the quantile of t 1 is larger than the corresponding normal quantile in absolute value. So the test based on the normal approximation rejects the null more often than the test based on the …xed-smoothing approximation. This provides an explanation of the large size distortion of the asymptotic normal test.
The case of kernel HAR variance estimation
In the case of kernel HAR variance estimation, D pp = C pp C pq C 1C 0 pq is not independent of C pq or C: It is not as easy to simplify the nonstandard distribution as in the case of series HAR variance estimation. Di¤erent proofs are needed. In Lemma 5 in the appendix, we show that 1 1 1=h and 2 1=h where \a b" indicates that a and b are of the same order of magnitude.
Theorem 5 For kernel HAR variance estimation, we have (a) pF 1
and e p = (1; 0; :::; 0) 0 2 R p .
(b) As h ! 1; we have 2 p ! 1 and
where as before G p (z) is the CDF of the chi-square distribution 2 p :
Remark 11 Theorem 5(a) shows that pF 1 follows a scale-mixed chi-square distribution. Since 2 ! p 1 as h ! 1; the sequential limit of pW T is the usual chi-square distribution. The result is the same as in the series HAR variance estimation. The virtue of Theorem 5(a) is that it gives an explicit characterization of the random scaling factor 2 :
Remark 12 Using Theorem 5(a), we have P (pF 1 < z) = EG p z 2 : Theorem 5(b) follows by taking a Taylor expansion of G p z 2 around G p (z) and approximating the moments of 2 : In the case of the contracted kernel HAR variance estimation, Sun (2012) establishes an expansion of the asymptotic distribution for F T (~ T ), which is based on the one-step GMM estimator~ T : Using the notation in this paper, it is shown that
So up to the order O( 2 ); the two expansions agree except that there is an additional term in Theorem 5(b) that re ‡ects the degree of over-identi…cation. If we use the chi-square distribution or the …xed smoothing asymptotic distribution B p (1) 0 C 1 pp B p (1) as the reference distribution, then the probability of over-rejection increases with q, at least when 2 is small.
We now focus on the case of contracted kernel HAR variance estimation. As h ! 1; i.e. b ! 0; we can show that
Using Theorem 5(b) and the identity that G 0 z 2 z 2 + 1 = 2G 00 z 2 z 2 ; we have, for p = 1 :
where G z 2 = G 1 z 2 :
The above expansion is related to the high order Edgeworth expansion established in Sun and Phillips (2009) for linear IV regressions. Sun and Phillips (2009) consider the conventional joint limit under which b ! 0 and T ! 1 jointly and show that
where (bT ) g 1;1 z captures the nonparametric bias of the kernel HAR variance estimator, and 's.o.' stands for smaller order terms. Here g is the order of the kernel used and the explicit expression for 1;1 is not important here but is given in Sun and Phillips (2009) . Observing that (z) ( z) = G z 2 ; we have (z) = G 0 z 2 z and 0 (z) = G 0 z 2 + 2z 2 G 00 z 2 : Using these equations, we can represent the high order expansion in (11) as
Comparing this with (10), the terms of order O(b) are seen to be exactly the same across the two expansions. Let z 2 = F 1 1 be the (1 ) quantile from the distribution of F 1 ; i.e. P F 1 < F 1 1 = 1
: Then
That is, using the critical value F 1 1 eliminates a term in the higher order distributional expansion of W T under the conventional asymptotics. The nonstandard critical value F 1 1 is thus high order correct under the conventional asymptotics. In other words, the nonstandard approximation provides a high order re…nement over the conventional chi-square approximation.
Although the high order re…nement is established for the case of p = 1 and linear IV regressions, we expect it to be true more generally and for all three types of HAR variance estimators. All we need is a higher order Edgeworth expansion for the Wald statistic in a general GMM setting. In view of Sun and Phillips (2009), this is not di¢ cult conceptually but can be technically very tedious.
Simulation Evidence
In this section, we study the …nite sample performance of the …xed-smoothing approximations. We consider the following data generating process: y t = x 0;t + x 1;t 1 + x 2;t 2 + x 3;t 3 + " y;t where x 0;t 1 and x 1;t , x 2;t and x 3;t are scalar regressors that are correlated with " y;t : The dimension of the unknown parameter = ( ; 1 ; 2 ; 3 ) 0 is d = 4: We have m instruments z 0;t ; z 1;t ; :::; z m 1;t with z 0;t 1. The reduced-form equations for x 1;t , x 2;t and x 3;t are given by
We assume that z i;t for i 1 follows either an AR(1) process
or an MA(1) process
where e z i ;t = e i zt + e 0 zt p 2
and e t = [e 0 zt ; e 1 zt ; :::; e m 1 zt ] 0 s iidN (0; I m ): By construction, the variance of z it for any i = 1; 2; :::; m 1 is 1: Due to the presence of the common shocks e 0 zt ; the correlation coe¢ cient between the non-constant z i;t and z j;t for i 6 = j is 0:5: The DGP for " t = (" yt ; " x 1 t ; " x 2 t ; " x 3 t ) 0 is the same as that for (z 1;t ; :::; z m 1;t ) except the dimensionality di¤erence. The two vector processes " t and (z 1;t ; :::; z m 1;t ) are independent from each other.
In the notation of this paper, we have f
x 3t ) 0 , z t = (1; z 1t ; :::; z m 1;t ) 0 . We take = 0:8; 0:5; 0:0; 0:5; 0:8 and 0:9. We consider m = 4; 5; 6 and the corresponding degrees of over-identi…cation are q = 0; 1; 2: The null hypotheses of interest are H 01 : 1 = 0;
H 02 : 1 = 2 = 0;
where p = 1; 2 and 3 respectively. The corresponding matrix R is the 2 : p + 1 rows of the identity matrix I d : We consider two signi…cance levels = 5% and = 10% and two di¤erent sample sizes T = 100; 200: The number of simulation replications is 10000.
We …rst examine the …nite sample size accuracy of di¤erent tests based on the OS HAR variance estimator. The tests are based on the same Wald test statistic, so they have the same size-adjusted power. The di¤erence lies in the reference distributions or critical values used. We employ the following critical values: 1
2 with 2 = pq=(K q+1); and F 1 1 ; leading to the 2 test, the CF (central F) test, the NCF (noncentral F) test and the nonstandard F 1 test. The 2 test uses the conventional chi-square approximation. The CF test uses the …xed-smoothing approximation for the Wald statistic based on a …rst-step GMM estimator. Alternatively, the CF test uses the …xed-smoothing approximation with q = 0:
The NCF test uses the noncentral F approximation given in Theorem 3. The F 1 test uses the nonstandard limiting distribution F 1 with simulated critical values. For each test, the initial …rst step estimator is the IV estimator with weight matrix W o = (Z 0 Z=T ) where Z is the matrix of the observed instruments.
To speed up the computation, we assume that K is even and use the basis functions 2j 1 (x) = p 2 cos 2j x, 2j (x) = p 2 sin 2j x, j = 1; :::; K=2: In this case, the OS HAR variance estimator can be computed using discrete Fourier transforms. The OS HAR estimator is a simple average of periodogram. We select K based on the AMSE criterion implemented using the VAR(1) plug-in procedure in Phillips (2005) . For completeness, we reproduce the MSE optimal formula for K here:
where d e is the ceiling function, K mm is the m 2 m 2 commutation matrix and Table 1 gives the empirical size of the di¤erent tests for the AR(1) case with sample size T = 100. The nominal size of the tests is = 5%: First, as it is clear from the table, the chi-square test can have a large size distortion. The size distortion can be very severe. For example, when = 0:9, p = 3 and q = 2, the empirical size of the chi-square test can be as high as 71.2%, which is far from 5%, the nominal size of the test. Second, the size distortion of the CF test is substantially smaller than the chi-square test when the degree of over-identi…cation is small. This is because the CF test employs the asymptotic approximation that partially captures the estimation uncertainty of the HAR variance estimator. Third, the empirical size of the NCF test is nearly the same as that of the nonstandard F 1 test. This is consistent with Figure 1 . This result provides further evidence that the noncentral F distribution approximates the nonstandard F 1 distribution very well. Finally, among the four tests, the N CF and F 1 tests have the most accurate size. For the two-step GMM estimator, the HAR variance estimator appears in two di¤erent places and plays two di¤erent roles -…rst as the inverse of the optimal weighting matrix and then as part of the asymptotic variance estimator for the GMM estimator. The nonstandard F 1 approximation and the noncentral F approximation attempt to capture the estimation uncertainty of the HAR variance estimator in both places. In contrast, a crucial step underlying the central F approximation is that the HAR variance estimator is consistent when it acts as the optimal weighting matrix. As a result, the central F approximation does not adequately capture the estimation uncertainty of the HAR variance estimator. This explains why the N CF and F 1 tests have more accurate size than the CF test. Table 2 presents the simulated empirical size for the MA(1) case. The qualitative observations for the AR(1) case remain valid. The chi-square test is most size distorted. The NCF and F 1 tests are least size distorted. The CF test is in between. As before, the size distortion increases with the serial dependence, the number of joint hypotheses, and the degree of over-identi…cation. This table provides further evidence that the noncentral F distribution and the nonstandard F 1 distribution provide more accurate approximations to the sampling distribution of the Wald statistic. Tables 3 and 4 report results for the case when the sample size is 200. Compared to the cases with sample size 100, all tests become more accurate in size. This is well expected. In terms of the size accuracy, the NCF test and the F 1 test are close to each other. They dominate the CF test, which in turn dominates the chi-square test.
Next, we consider the empirical size of di¤erent tests based on kernel HAR variance estimators. Both the contracted kernel approach and the exponentiated kernel approach are considered, but we report only the commonly-used contracted kernel approach as the results are qualitatively similar. We employ three kernels: the Bartlett, Parzen and QS kernels. These three kernels are positive (semi) de…nite. For each kernel, we use the data-driven AMSE optimal bandwidth and its VAR(1) plug-in implementation from Andrews (1991) . For each Wald statistic, three critical values are used: 1 p =p, F 1 1 (0) ; and F 1 1 (q) where F 1 1 (q) is the (1 ) quantile from the nonstandard F 1 distribution with degree of over-identi…cation q: F 1 1 (0) coincides with the critical value from the …xed-smoothing asymptotics distribution derived for the …rst-step IV estimator.
To save space, we only report the results for the Parzen kernel. Tables 5-8 correspond  to Tables 1-4 . It is clear that the qualitative results exhibited in Tables 1-4 continue to apply. According to the size accuracy, the F 1 (q) test dominates the F 1 (0) test, which in turn dominates the conventional 2 test.
Conclusion
The paper has developed the …xed-smoothing asymptotics for heteroskedasticity and autocorrelation robust inference in a two-step GMM framework. We have shown that the conventional chi-square test that ignores the estimation uncertainty of the GMM weighting matrix and the covariance estimator can have very large size distortion. This is especially true when the number of joint hypotheses being tested and the degree of over-identi…cation are high or the underlying processes are persistent. The test based on our new …xed-smoothing approximation reduces the size distortion substantially and is thus recommended for practical use.
There are a number of interesting extensions. First, given that our proof uses only a CLT, the results of the paper can be extended easily to the spatial setting, spatial-temporal setting or panel data setting. See Kim and Sun (2012) for an extension along this line. Second, in the Monte Carlo experiments, we use the conventional MSE criterion to select the smoothing parameters. We could have used the methods proposed in Sun and Phillips (2009), Sun, Phillips and Jin (2008) or Sun (2012) that are tailored towards con…dence interval construction or hypothesis testing. But in their present forms these methods are either available only for the t-test or work only in the …rst-step GMM framework. It will be interesting to extend them to more general tests in the two-step GMM framework. Third, we can use the asymptotically equivalent distribution to conduct asymptotically valid inferences. Simulation results not reported here show that the size di¤erence between using the asymptotically equivalent distribution and the limiting distribution is negligible. However, it is easy to replace the iid process in the asymptotically equivalent distribution F eT by a dependent process that mimics the degree of autocorrelation in the moment process. Such a replacement may lead to even more accurate tests and is similar in spirit to Zhang and Shao (2013) who have shown the high order re…nement of a Gaussian bootstrap procedure under the …xed-smoothing asymptotics. Finally, the general results of the paper can be extended to a nonparametric sieve GMM framework. See Chen, Liao and Sun (2012) for a recent development on autocorrelation robust sieve inference for time series models. CF NCF F1 p = 1; q = 0 p = 2; q = 0 p = 3; q = 0 -0. CF NCF F1 p = 1; q = 0 p = 2; q = 0 p = 3; q = 0 -0. CF NCF F1 p = 1; q = 0 p = 2; q = 0 p = 3; q = 0 -0. CF NCF F1 p = 1; q = 0 p = 2; q = 0 p = 3; q = 0 -0. 
F1(0) F1(q) p = 1; q = 0 p = 2; q = 0 p = 3; q = 0 -0. 
Appendix of Proofs
Consider two stochastically bounded sequences of random variables 1;T 2 R p and 2;T 2 R p . Since 1;T is stochastically bounded, there exists a subsequence f 1;s 1 (T ) : T = 1; 2; :::g of 1;T : T = 1; 2; ::: such that 1;s 1 (T ) d ! 1;1 for some random variable 1;1 : Note that the subsequence f 2;s 1 (T ) g is also stochastically bounded, so there exists a subsequence f 2;s 2 (s 1 (T )) g of f 2;s 1 (T ) g such that 2;s 2 (s 1 (T )) d ! 2;1 for some random variable 2;1 : De…ne s(T ) = s 2 (s 1 (T )) ; then 1;s(T ) d ! 1;1 and 2;s(T ) d ! 2;1 : Let C 1;1 ; 2;1 be the set of points at which the CDFs of 1;1 and 2;1 are continuous. The following lemma uses the de…nitions of s(T ) and C 1;1 ; 2;1 : The proof is similar to that for the Lévy-Cramér continuity theorem and is omitted here.
Lemma 3
The following two statements are equivalent: 
for all continuity point (x; y) of the CDF of ( ; ); then
where g ( ; ) is continuous on a set C such that P (( ; ) 2 C) = 1:
Proof of Lemma 4. Since ( 1T ; 1T ) converges weakly, we can apply Lemma 3 with s(T ) = T: It follows from the condition in (14) that Ef ( 1T ; 1T ) Ef ( 2T ; 2T ) ! 0 for any f 2 BC. But Ef ( 1T ; 1T ) ! Ef ( ; ) and so Ef ( 2T ; 2T ) ! Ef ( ; ) for any f 2 BC. That is, ( 2T ; 2T ) also converges weakly to ( ; ) : Using the same proof for proving the continuous mapping theorem, we have Ef (g( 1T ; 1T )) Ef (g( 2T ; 2T )) ! 0 for any f 2 BC: Therefore g( 1T ; 1T ) a s g( 2T ; 2T ):
Proof of Lemma 1. Let " > 0: Under condition (iii), we can …nd > 0 such that for some integer T min > 0 P ( T < + ) " for all T T min : Here T min does not depend on or ": Under condition (iv), we can …nd a J min that does not depend on or " such that Similarly,
Since the above two inequalities hold for all " > 0; we must have P (! T < ) = P ( T < ) + o(1) as T ! 1:
Proof of Lemma 2. Part (a). For some T between T and 0 ; we have
Here T in the matrix @f (vt; T ) @ 0 can be di¤erent for di¤erent rows. For notational economy, we do not make it explicit.
For a sequence of matrices vectors or matrices fA t g ; de…ne S 0 (A) = 0 and S t (A) = T 1 P t =1 A : Using summation by parts, we obtain:
When A t = G; we have
When A t = @f (vt; T ) @ 0
; we have
then Assumption 4 implies that sup t j t j = o p (1) : In view of the de…nition of t and (16), we have
Under the piecewise monotonicity condition in Assumption 1,
is piecewise monotonic in t=T: So for some …nite J we can partition the set f1=T; 2=T; :::; T =T g into J maximal non-overlapping subsets [ J j=1 [I jL ; I jU ] such that
where the o p (1) term in the …rst inequality re ‡ects the case when t=T and (t + 1)=T belong to di¤erent partitions and "( ) j " takes "+" or " " depending on whether P T =1 Q h (t=T; =T ) is increasing or decreasing on the interval [I jL ; I jU ]: We have therefore proved that where c is the constant term in the expansion, for any conformable symmetry matrix A. Note that
We write tr
We proceed to apply Lemma 1 by verifying the four conditions. First, it follows from Assumption 5 that for every J …xed,
as T ! 1: Second, let
and A = P m =1 `a`a 0`b e the spectral decomposition of A: Then
:
for some constant C that does not depend on T: That is, E T T;J ! 0 uniformly in T as J ! 1: So for any > 0 and " > 0, there exists a J 0 that does not depend on T such that for J J 0 and T T 0 : Here we have used the equicontinuity of the CDF of T when T is su¢ ciently large. This is veri…ed below. Similarly, we can show that for J J 0 and T T 0 we have P T;J < P ( T < ) 2":
Since the above two inequalities hold for all " > 0; it must be true that P T;J < P ( T < ) = o(1) uniformly over su¢ ciently large T as J ! 1:
Third, we can use Lemma 1 to show that T converges in distribution to 1 where
Details are omitted here. So for any and ; we have
as T ! 1: Given the continuity of the CDF of 1 ; for any " > 0; we can …nd a > 0 such that P ( T < + ) " for all T when T is su¢ ciently large. We have thus veri…ed Condition (iii) in Lemma 1. Finally, for any x 2 R, we have
But by Assumption 3,
uniformly over T; as J ! 1: So we have proved that T;J = o p (1) uniformly over T; as J ! 1:
Combining the above steps, we have
As a consequence,
as desired.
Proof of Theorem 1. We prove part (b) only as the proofs for other parts are similar. Let G = 1 G be an m d matrix, then
where A is a diagonal matrix with singular values on the main diagonal and O is a matrix of zeros. Then
where we have used the distributional equivalence of
where C 11 and C 11 are d d matrices, C 22 and C 22 arematrices, and C 12 = C 0 21 ; C 12 = (C 21 ) 0 . By de…nition
where C pp ; C pq ; and Care de…ned in (7) ; and C d p;d p ; C p;d p and C d p;q are similarly de…ned. It follows from the partitioned inverse formula that
With the above partition ofW 1 1 ; we have h
and RV h 0W 1 1
As a result,
be the SVD of RV A 1 ; where~ p d = Ã p p ;Õ p (d p) :
Then
Noting that the joint distribution of hṼ 0 B d (1) ;Ṽ 0 C 12 ; C 22 ;Ṽ 0 C 11 1Ṽ i is invariant to the orthonormal matrixṼ 0 ; we have
Writing
where D pp = C pp C pq C 1C 0 pq and D 22 is a (d p) (d p) matrix and using equations (20)- (22), we have
be an orthonormal matrix, then
where e p = (1; 0; 0; ::
That is, F 1 is equal in distribution to a ratio of two independent random variables. It is easy to see that
where e p+q = (1; 0; :::; 0) 0 2 R p+q : With this, we can now represent F 1 as
and so
Part (b). Since the numerator and the denominator in (33) are independent, 1 F 1 is distributed as a noncentral F distribution, conditional on 2 : More speci…cally, we have
where F p;K p q+1 (z; ) is the CDF of the noncentral F distribution with degrees of freedom (p; K p q + 1) and noncentrality parameter ; and F p;K p q+1 ( ) is a random variable with CDF F p;K p q+1 (z; ) :
We proceed to compute the mean of 2 . Let Then we can represent C pq and Cas
So
where := P K j=1 j 0 j 1 follows an inverse-Wishart distribution and
for K large enough. Therefore E 2 = pq K q 1 = 2 : Next we compute the variance of 2 : It follows from the law of total variance that
is a quadratic form in standard normals. Hence the conditional variance of 2 is
Using the representation in (34), we have
> > > > : p 2 ; j 1 = i 1 ; j 2 = i 2 ; and j 1 6 = j 2 ; p; j 1 = j 2 ; i 1 = i 2 ; and j 1 6 = i 1 ; p j 1 = i 2 ; i 1 = j 2 ; and j 1 6 = i 1 ; p 2 + 2p; j 1 = j 2 = i 1 = i 2 ; 0; otherwise,
we have
It follows from Theorem 5.2.2 of Press (2005, pp. 119, using the notation here) that
and for i 6 = j;
Hence
Next var tr C 1
Using the same formulae from Press (2005) , we can show that the last term is of order O K 2 : This, combined with (35), leads to var 2 = O(K 2 ): Taking a Taylor expansion and using the mean and variance of 2 ; we have and so
Part (b). Since the distribution of t 1 is symmetric about 0; we have for any z 2 R + :
where the second last equality follows from Theorem 3(b). When z 2 R ; we have
Part (c). Using Theorem 3(c) and the symmetry of the distribution of t 1 about 0; we have for any z 2 R + : Before proving Theorem 5, we present a technical lemma. Part (i) of the lemma is proved in Sun (2012) . Parts (ii) and (iii) of the lemma are proved in Sun, Phillips and Jin (2011) De…ne g = lim x!0 [1 k (x)] =x q 0 , q 0 is the Parzen exponent of the kernel function, c 1 = R 1 1 k (x) dx; c 2 = R 1 1 k 2 (x) dx:
Lemma 5 (i) For conventional kernel HAR variance estimators, we have, as h ! 1; Proof of Theorem 5. Part (a). Recall
Conditional on (C pq ; C; C pp ) ; B p (1) C pq C 1B q (1) is normal with mean zero and variance I p + C pq C 1C 1C 0 pq : Let L be the lower triangular matrix such that LL 0 is the Choleski decomposition of I p + C pq C 1C 1C 0 pq : Then the conditional distribution of := L 1 B p (1) C pq C 1B q (1) is N (0; I p ): Since the conditional distribution does not depend on (C pq ; C; C pp ) ; we can conclude that is independent of (C pq ; C; C pp ) : So we can write
Given that A is a function of (C pq ; C; C pp ) ; we know that and A are independent. As a result, 0 A d = 0 (OAO 0 ) for any orthonormal matrix O that is independent of :
Let H = = k k ;H be an orthonormal matrix with …rst column = k k : We choose H to be independent of A: This is possible as and A are independent. Then Since Le p is the …rst column of L; we have, using the de…nition of the Choleski decomposition:
Le p = I p + C pq C 1C 1C 0 pq e p q e 0 p I p + C pq C 1C 1C 0 pq e p :
As a result, Iis the q 2 q 2 identity matrix, and Kis the q 2 q 2 commutation matrix. So C= 1 I q +o p (1) and C 1That is, 2 ! p 1:
We proceed to prove the distributional expansion. The (i; j)-th elements C pp (i; j), C pq (i; j) and C(i; j) of C pp ; C pq and Care equal to either That is, up to an error of order o( 2 ); P Ẽ ; P Ẽ \ E and P (ẼjE) are equivalent. So for the purpose of proving the theorem, it is innocuous to condition on E or remove the conditioning, if needed. Now conditioning E, the numerator of 2 satis…es: e 0 p I p + C pq C 1C 1C 0 pq e p For the purpose of proving our result, M pp can be ignored as its presence generates an approximation error of order o ( 2 ) ; which is the same as the order of the approximation error given in the theorem. More speci…cally, let [Q h (r; s)] 2 drdrI p = tr (L) 2 I p :
Taking an expansion of~ 2 (C pp ;D pp ) aroundC pp = q 2 = 2 1 I p andD pp = I p ; we obtaiñ 2 = 2 0 + err where err is the approximation error and 
